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787. 
FUNCTION. 


[From the Encyclopedia Britannica, Ninth Edition, vol. 1x. (1879), pp. 818—824.] 


FUNCTIONALITY, in Analysis, is dependence on a variable or variables; in the case 
of a single variable u, it is the same thing to say that v depends upon u, or to say 
that v is a function of u, only in the latter form of expression the mode of dependence 
is embodied in the term “function.” We have given or known functions such as «w? 
or sinu, and the general notation of the form gu, where the letter @ is used as a 
functional symbol to denote a function of u, known or unknown as the case may be: 
in each case u is the independent variable or argument of the function, but it is 
to be observed that, if v be a function of u, then v like u is a variable, the values 
of v regarded as known serve to determine those of u; that is, we may conversely 
regard u as a function of v. In the case of two or more independent variables, say 
when w depends on or is a function of u, v, &., or w=(u, v,...), then u, v,... are 
the independent variables or. arguments of the function; frequently when one of these 
variables, say u, is principally or alone attended to, it is regarded as the independent 
variable or argument of the function, and the other variables v, &., are regarded as 
parameters, the values of which serve to complete the definition of the function. We 
may have a set of quantities w, t,... each of them a function of the same variables 
u, v,...3; and this relation may be expressed by means of a single functional symbol ¢, 
(w, t,...)=(u, v,...); but, as to this, more hereafter. 


The notion of a function is applicable in geometry and mechanics as well as in 
analysis; for instance, a point Q, the position of which depends upon that of a 
variable point P, may be regarded as a function of the point P; but here, sub- 
stituting for the points themselves the coordinates (of any kind whatever) which 
determine their positions, we may say that the coordinates of Q are each of them a 
function of the coordinates of P, and we thus return to the analytical notion of a 
function. And in what follows a function is regarded exclusively in this point of view, 
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viz. the variables are regarded as numbers; and we attend to the case of a function 
of one variable v=fu. But it has been remarked (see Equation) that it is not 
allowable to confine the attention to real numbers; a number u must in general be 
taken to be a complex number u=% +iy, œ and y being real numbers, each suscept- 


ible of continuous variation between the limits — œ, +0, and 7 denoting V—1, In 
regard to any particular function, fu, although it may for some purposes be sufficient 
to know the value of the function for any real value whatever of u, yet to attend 
only to the real values of w is an essentially incomplete view of the question; to 
properly know the function, it is necessary to consider w under the aforesaid imaginary 
or complex form u = «x + wy. 


To a given value #+2y of u there corresponds in general for v a value or values 
of the like form v=% +1’, and we obtain a geometrical notion of the meaning of 
the functional relation v=fw by regarding æ, y as rectangular coordinates of a point P 
in a plane II, and a’, y as rectangular coordinates of a point P’ in a plane (for 
greater convenience a different plane) Il’; P, P’ are thus the geometrical represent- 
ations, or representative points, of the variables u=% +iy and wu’ =a +%y’ respectively ; 
and, according to a locution above referred to, the point P’ might be regarded as a 
function of the point P; a given value of w=x+zy is thus represented by a point 
P in the plane JI, and corresponding hereto we have a point or points P’ in the 
plane II’, representing (if more than one, each of them) a value of the variable 
v=a'+ty. And, if we attend only to the values of w as corresponding to a series 
of positions of the representative point P, we have the notion of the “path” of a 
complex variable u = a + iy. 


Known Functions. 


1. The most simple kind of function is the rational and integral function. We 
have the series of powers wu’, u’,... each calculable not only for a real but also for a 
complex value of u, (æ + iy} =æ — iy? + Qiay, (æ + iy} =a — 3ay? + i (3æy— y’), &e., and 
thence, if a, b,... be real or complex numbers, the general form a + bu + cu +... + ku”, 
of a rational and integral function of the order m. And taking two such functions, 
say of the orders m and n respectively, the quotient of one of these by the other 
represents the general form of a rational function of u. 


The function which next presents itself is the algebraical function, and in particular 
the algebraical function expressible by radicals. To take the most simple case, suppose 
1 


(m being a positive integer) that v”=u; v is here the irrational function =u”. 
Obviously, if w is real and positive, there is always a real and positive value of v, 
calculable to any extent of approximation from the equation v”=w, which serves as 


x ‘ ; : 
the definition of u”; but it is known (see Equation) that, as well in this case as 


in the general case where w is a complex number, there are in fact m values of the 
1 
function wu”; and that for their determination we require the theory of the so-called 
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circular functions sine and cosine; and these depend on the exponential function exp u, 
or, as it is commonly written, e”, which has for its inverse the logarithmic function 
logu; these are all of them transcendental functions. 


2. In a rational and integral function a + bu + cu?+...+ku™, the number of terms 
is finite, and the coefficients a, b,.... k may have any values whatever, but if we 
imagine a like series a+bu+cu?+... extending to infinity, non constat that such an 
expression has any calculable value,—that is, any meaning at all; the coefficients 
a, b, c,... must be such as, either for every value whatever of u (that is, for every 
finite value) or for values included within certain limits, to make the series convergent. 
It is easy to see that the values of a, b, c,... may be such as to make the series 
always convergent; for instance, this is the case for the exponential function, 


u? 
expu=1+- n 3 tI Z3 3 + &e.; 
taking for the moment u to be real and positive, then it is evident that however 
large u may be, the successive terms will become ultimately smaller and smaller, and 
the series will have a determinate calculable value. A function thus expressed by 
means of a convergent infinite series is not in general algebraical, and when it is not 
so, it is said to be transcendental (but observe that it is in nowise true that we 
have thus the most general form of a transcendental function); -in particular, the 


exponential function above written down is not an algebraical function. 


By forming the expression of expv, and multiplying together the two series, we 
derive the fundamental property 


expuexpv =exp (w+); 
whence also 
exp & exp iy = exp (w + ty), 


so that exp (æ + iy) is given as the product of the two series expw and expiy. As 
regards this last, if in place of u we actually write the value iy, we find 


sirrane) 
expiy=(1 metrs ~) +i(y iiss yp 


where obviously each series is convergent and actually calculable for any real value 
whatever of y. Calling the two series cosine y and sine y respectively, or in the ordinary 
abbreviated notation cos y and siny, the equation is 


exp ty = cos y +i sin y; 


and if we herein for y write z, and multiply the two expressions together, observing 
that the product will be = expi (y +2) we obtain the fundamental equations 


cos (y +2) = cos y cos z — sin y sin Z, 
sin (y + z) = sin y cos z + sin Z Cos y, 


for the functions sine and cosine. 
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Taking y as an angle, and defining as usual the sine and cosine as the ratios 
of the perpendicular and base respectively to the radius, the sine and cosine will be 
functions of y; and we obtain geometrically the foregoing fundamental equations for the 
sine and cosine; but in order to the truth of the foregoing equation exp iy = cos y +i sin y, 
it is further necessary that the angle should be measured in circular measure, that 
is, by the ratio of the are to the radius; so that m denoting as usual the number 
3°14159..., the measure of a right angle is =r. And this being so, the functions 
sine and cosine, obtained as above by consideration of the exponential function, have 
their ordinary geometrical significations. 


3. The foregoing investigation was given in detail in order to the completion of 


1 
the theory of the irrational function wu”. We henceforth take the theory of the 
circular functions as known, and speak of tan wz, &c., as the occasion may arise. 


We have 
æ + iy =r (cos 0 + isin 0), 


where, writing Va?+ y? to denote the positive value of the square root, we have 


= y g cos é= = — >? SI 8 = Da. el 4 
’ OF“ Ta = 1m. 7 : 
and ther efore also 


tan 0 = * 


Treating v, y as the rectangular coordinates of a point P, r is the distance (regarded 
as positive) of this point from the origin, and @ is the inclination of r to the positive 
part of the axis of æ; to fix the ideas @ may be regarded as lying within the 
limits 0, m, or 0, — m, according as y is positive or negative; 0 is thus completely 
determinate, except in the case, # negative, y= 0, for which @ is =m or —7 indifferently. 


And if w=«#+ty, we hence have 


ae aie SJN 
™ = (g + iy)” =r” (cos ran Ed +7sin i ug ; 


alt 
where r” is real and positive apa s has any positive or negative integer value what- 


ever: but we thus obtain for um only the m values corresponding to the values 


0, 1, 2,...,m—1 of s More generally we may, instead of the index sp take the index 
to be any rational fraction =. Supposing this to be in its least terms, and m to 


be positive, the number of distinct values is always =m. If instead of Z we take 


the index to be the general real or complex quantity m, we have w”, no longer an 
algebraical function of u, and having in general an infinity of values. 
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4. The foregoing equation exp(#+y)=expw#.expy is, in fact, the equation of 
indices, a*+”=a*.a¥; expw is thus the same thing as e”, where e denotes a properly 
determined number, and putting e” equal to the series, and then writing #=1, we 

1 1 1 
have e= 1+7 1+1.2+1.2.3 
for convenience of printing, there is considerable advantage in the use of the notation 
exp u. 


+&c., that is, e=2°7128... But as well theoretically as 


From the equation, exp iy =cosy +isiny, we deduce exp (— tiy)= cosy — isin y, and 
thence ; ; 
cos y = $ {exp (ty) + exp (— ty)}, 


i 1 ; 
sin y = z; {exp (ty) — exp (— ty)} ; 
if we write herein iw instead of y we have 
cos ix = 4 {exp æ + exp (— 2)}, 


sin iv = 5 {exp æ — exp (— 2)}, 
viz. these values are 
a 


tae oe Sy 
cos = lti atia. 


fess 


Le ae a 
(an ee eee 


Pe 
T. E US i 


..., regarded as functions of æ, are termed the hyperbolic cosine and 


each of them. real when æ is real. The functions in question 1 += 


and &+s—9-9 > 3t 


sine, and are represented by the notations coshw and sinh w respectively; and similarly 
we have the hyperbolic tangent tanhwz, &c.: although it is easy to remember that 


COS 12, É sin iw, are, in fact, real functions of «æ, and to understand accordingly the formule 


wherein they occur, yet the use of these notations of the hyperbolic functions is often 
convenient. 


5. Writing u=expv, then v is conversely a function of w which is called the 
logarithm (hyperbolic logarithm, to distinguish it from the tabular or Briggian logarithm), 
and we write v=logu, or what is the same thing, we have w=exp(logw): and it is 
clear that if w be real and positive there is always a real and positive value of logu, 
in particular the real logarithm of e is =1; it is however to be observed that the 
logarithm is not a one-valued function, but has an infinity of values corresponding to 
the different integer values of a constant s; in fact, if logu be any one of its values, 
then logw+2s7i is also a value, for we have exp (log u + 2s77) = exp log u exp 2smi, or 
since exp 2smt is =1, this is =u; that is, log u + 2smi is a value of the logarithm of u. 


We have 
uv = exp (log wv) = exp log w. exp log v, 
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and hence the equation which is commonly written 
log uv = log u + log v, 


but which requires the addition on one. side of a term 2smi. And reverting to the 
equation æ+ iy=r (cos 0 +isin 0), or as it is convenient to write it, «+iy=r exp ið, 
we hence have 


log (æ + ty) = log r + i (0 + 2s), 


where logr may be taken to denote the real logarithm of the real positive quantity r 
and @ the completely determinate angle defined as already mentioned. 


> 


Reverting to the function w”, we have w=exp logu, and thence w” = exp (m log u), 
which, on account of the infinity of values of logu, has in general (as before remarked) 
an infinity of values; if w=e, then e”, =exp(mloge), has in general in like manner 
an infinity of values, but in regarding e” as identical with the one-valued function 
exp m, we take loge to be =its real value, 1. 


The inverse functions cos, sin, tana, are in fact logarithmic functions; thus 
in the equation expiw=cose+isin#, writing first cosæ=u, the equation becomes 


ees 1 genera 
expt costu=ut+t V1—wu?, or we have cosu = 7 log (u +i NI u°’), and from the same 
equation, writing secondly sina=w, we have sin™u = 7 log (VI — w? +iu). But the 


formula for tan™u is a more elegant one, as not involving the radical VI — u’; we have 


, expt#—exp(—i) — exp2iv—1 
tne exp io + exp(— i)’ ~ exp in +1’ 
and thence ; 
. l+itang 
nee OET A 
that is, 


i 1 +7 tan # 


oS al °8 T—itana’ 

or, if tan æ = u, then ] 
iin ela Lyw 
= oS ei 


The logarithm (or inverse exponential function) and the inverse circular functions 
present themselves as the integrals of algebraic functions 


whence also 


and 


[Ss = sin q. 
V1 =a? 
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6. Each of the functions exp u, sin u, cosu, tanu, &c, as a one-valued function 
of u, is in this respect analogous to a rational function of w; and there are further 
analogies of expu, sin u, cosu, to a rational and integral function; and of tan u, secu, &c., 
to a rational non-integral function. 


A rational and integral function has a certain number of roots, or zeros, each of 
a given multiplicity, and is completely determined (except as to a constant factor) 
when the several roots and the multiplicity of each of them is given; ie. if a, b, ¢,... 

p q 

be the roots, p, q, 7,... their multiplicities, then the form is 4(1-") (1-5) ay 
a rational (non-integral) function has a certain number of infinities, or poles, each of 
them of a given multiplicity, viz. the infinities are the roots or zeros of the rational 
and integral function which is its denominator. 


The function expw has no finite roots, but an infinity of roots each =— œ; this 
n 
appears from the equation exp u= (1 +") » where n is indefinitely large and positive. 


The function sinu has the roots sm where s is any positive or negative integer, zero 
included; or, what is the same thing, its roots are 0 and +87, s now denoting any 
positive integer from 1 to o; each of these is a simple root, and we in fact have 


2 
sin u= ull (1 gia 4 Similarly the roots of cosu are (s+ 4)7, s denoting any positive 


eT 
or negative integer, zero included, or, what is the same thing, they are +(s+4)z7, 
s now denoting any positive integer from 0 to %; each root is simple, and we have 


cosu = IT ( Obviously tanu, as the quotient sinw- cosu, has both roots 


hee i ) 

t Gaye)’ 
and infinities, its roots being the roots of sin u, its infinities the roots of cosu; secu 
as the reciprocal of cosu has infinities only, these being the roots of cosu, &c. 


«92 
In the foregoing expression sin u = wll (1 — SE), the product must be understood 


f 2 
to mean the limit of M,” (1 — mi) for an indefinitely large positive integer value of n, 


viz. the product is first to be formed for the values s=1, 2, 3,... up to a determinate 
number n, and then n is to be taken indefinitely large. If, separating the positive 


and the negative values of s, we consider the product uI,” (1 + ~) "(1 ~~), (where 


in the first product s has all the positive integer values from 1 to n, and in the 
second product s has all the positive integer values from 1 to m), then by making 
m and n each of them indefinitely large, the function does not approximate to sinu, 
unless m:n be a ratio of equality*. And similarly as regards cosu, the product 
u u i ; 
| (1 = ra) II (Grn) , m and n indefinitely large, does not approximate to 
“otha” \e+ba iki 43 

cos u, unless m : n be a ratio of equality. 

* The value of the function in question ull," (a +5) I,” (1-5) , when m, n are each indefinitely 


u 
large, but = not =1, is =(=)" sin u. 
n m 
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7. The functions sin v, cos ų, are periodic, having the period 2r, a (u + 2a) = si (u); 


and the half-period r, ik (ut mr) =O a; the periodicity may be verified by means 


of the foregoing fractional forms, but some attention is required; thus writing, as we 


; IT (u+ sz 
may do, sisi tyme where s extends from —n to n, n ultimately infinite, if 


for u we write w+, each factor of the numerator is changed into the following one 
and the numerator is unaltered, save only that there is an introduced factor w+(n+1)7 
at the superior limit, and an omitted factor u—nmr at the inferior limit; the ratio of 


these, (w+n+1m)+(u—nm), for n infinite is =—1, and we thus have, as we should 
have, sin (u + 7) =—sin u. 


The most general periodic function having no infinities, and each root a simple 


root, and having a given period a, has the form Asin=™ 4 B oos ar or, what is the 
a 


same thing, L oi (= +A ) ; 
cos\ a 


8. We come now to the Elliptic Functions. These arose from the consideration of 


the integral | TE, where R is a rational function of æ, and X is the general rational 


and integral quartic function 

art + Ba + ya? + da+e; 
a form arrived at was 

da i dd 
le Se 


on putting therein æ= sin ¢, and this last integral was represented by F¢, and called 
the elliptic integral of the first kind. In the particular case £=0, the integral is 


| 7 =sin“z, and it thus appears that F is of the nature of an inverse function; 
for passing to the direct functions we write Fọ=wu, and consider ¢ as hereby determ- 
ined as a function of u, p= amplitude of u, or for shortness am u. And the functions 
sing, cos, and V1—k*sin?¢ were then considered as functions of the amplitude, and 
written sinam u, cosamu, Aamu; these were afterwards written snu, cnu, dnu, which 
may be regarded either as mere abbreviations of the former functional symbols, or (in 
a different point of view) as functions, no longer of amu, but of u itself as the 
argument of the functions; sn is thus a function in some respects analogous to a sine, 
and cn and dn functions analogous to a cosine; they have the corresponding property 
that the three functions of u+v are expressible in terms of the functions of u and of v. 
‘The following formule may be mentioned: 


entu=l—sn?u, dn?èu = l1 — k? sn? u, 


so'u =cnu dnu, cn'u=-—snudnu, dn’ u=-— k? sn u cnu, 
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where the accent denotes differentiation in regard to u; and the addition-formule : 


sn (u+v)=snucnv dn v + snv cn u dn u, (+), 
cn (u+ v) = cnucnyv—snudnusnvdny, (+), 
dn (u+v)= dnudnv—k?snucnusnveny, (+), 


each of the expressions on the right-hand side being the numerator of a fraction of 
which 


Denom. = 1 — k? sn? u sn? v. 


It may be remarked that any one of the fractional expressions, differentiated in regard 
to u and to v respectively, gives the same result; such expression is therefore a 
function of u+v, and the addition-formule can be thus directly verified. 


9. The existence of a denominator in the addition-formule suggests that sn, cn, dn 
are not, like the sine and cosine, functions having zeros only, without infinities; they 
are in fact functions, having each its own zeros, but having a common set of infinities ; 
moreover, the zeros and the infinities are simple zeros and infinities respectively. And 
this further suggests, what in fact is the case, that the three functions are quotients 
having each its own numerator but a common denominator, say they are the quotients 
of four 6@-functions, each of them having zeros only (and these simple zeros) but no 
infinities. 

The functions sn, cn, dn, but not the 6@-functions, are moreover doubly periodic; 
that is, there exist values 2w, 2v, =4K and 4(4+7K’) in the ordinary notation, such 
that the sn, cn, or dn of u+ 2w, and the sn, cn, and dn of w+2v are equal to the 
sn, cn, and dn respectively of u; or say that ¢(w+2o)=¢(u+2v)= qu, where ¢ is 
any one of the three functions, 


As regards this double periodicity, it is tə be observed that the equations 
$(u+2w)= du, d(u+2v)= gu, imply (u + 2mo + 2nv) = pu, and hence it easily follows 
that if œw, v were commensurable, say if they were multiples of some quantity a, we 
should have ¢(u+ 2a) = gu, an equation which would replace the original two equations 
o (w+ 2w) = pu, (u+ 2v)= pu, or there would in this case be only the single period 
a; œ and v must therefore be incommensurable. And this being so, they cannot have 
a real ratio, for if they had, the integer values m, n could be taken such as to make 
2mo+2nv=k times a given real or imaginary value, k as small as we please; the 
ratio œ : v must be therefore imaginary, as is in fact the case when the values are 


4K and 4(K +iK^). 


10. The function snu has the zero 0 and the zeros mw+nv, m and n any 
positive or negative integers whatever; and this suggests that the numerator of snw is 
equal to a doubly infinite product, (Cayley, “On the Inverse Elliptic Functions,” Camb. 
Math. Jour. t. 1v., 1845, [24]; and “Mémoire sur les fonctions doublement périodiques,” 
Liouville, t. X., 1845, [25]). The numerator is equal to 


E e: 


mæ + nu 
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m and n having any positive or negative integer values whatever, including zero, except 
that m, n must not be simultaneously = 0, these values being taken account of in the 
factor u outside the product. But until further defined, such a product has no definite 
value, and consequently no meaning whatever. Imagine m, n to be coordinates, and 
suppose that we have, surrounding the origin, a closed curve having the origin for its 
centre, i.e. the curve is such that, if a, 8 be the coordinates of a point thereof, then 
—a, — are also the coordinates of a point thereof; suppose further that the form 
of the curve is given, but that its magnitude depends upon a parameter h, and that 
the curve is such that, when h is indefinitely large, each point of the curve is at an 
indefinitely large distance from the origin; for instance, the curve might be a circle 
or ellipse, or a parallelogram, the origin being in each case the centre. Then if in 
the double product, taking the value of h as given, we first give to m, n all the 
positive or negative integer values (the simultaneous values 0, 0 excluded) which corre- 
spond to points within the curve, and then make A indefinitely large, the product will 
thus have a definite value; but this value will still be dependent on the form of the curve. 
Moreover, varying in any manner the form of the curve, the ratio of the two values 
of the double product will be = exp u’, where 8 is a determinate value depending only 
on the forms of the two curves; or, what is the same thing, if we first give to the 
curve a certain form, say we take it to be a circle, and then give it any other form, 
the product in the latter case is equal to its former value multiplied by exp Av’, 
where 8 depends only upon the form of the curve in the latter case. 


Considering the form of the bounding curve as given, and writing the double 


product in the form 
+ Mo + nu 
One 7) 
H mo+nv J’ 


the simultaneous values m=0, n=0 being now admitted in the numerator, although 
still excluded from the denominator, then if we write for instance u+ 2w instead of u, 
each factor in the numerator is changed into a contiguous factor, and the numerator 
remains unaltered, except that we introduce certain factors which lie outside the 
bounding curve, and omit certain factors which lie inside the bounding curve; we, in 
fact, affect the result by a singly infinite series of factors belonging to points adjacent 
to the bounding curve; and it appears on investigation that we thus introduce a con- 
stant factor exp y(u+w). The final result thus is that the product 


uiti (1+ —"—-) 

Mo + nu 
does not remain unaltered when w is changed into u+ 2w, but that it becomes there- 
fore affected with a constant factor, expy(w+q@). And similarly the function does not 
remain unaltered when w is changed into u+2v, but it becomes affected with a factor, 
exp 5(w+v). The bounding curve may however be taken such that the function is 
unaltered when u is changed into u+2q: this will be the case if the curve is a 
rectangle such that the length in the direction of the axis of m is infinitely great in 
comparison of that in the direction of the axis of n; or it may be taken such that 
the function is unaltered when u is changed into u+2v: this will be so if the curve 


67—2 
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be a rectangle such that the length in the direction of the axis of n is indefinitely 
great in comparison with that in the direction of the axis of m; but the two con- 
ditions cannot be satisfied simultaneously. 


11. We have three other like functions, viz. writing for shortness m, n to denote 
m+%4, n+4 respectively, and (m, n) to denote mw+nv, then the four functions are 


u u u u 

unin (1 toa mn (1 ea Tl (aeai ni(i Pee 
the bounding curve being in each case the same; and, dividing the first three of these 
each by the last, we have (except as to constant factors) the three functions sn u, en u, dn u; 
writing in each of the four functions u+2w or w+2v in place of u, the functions 
acquire each of them the same exponential factor exp y(u+ œw), or exp ô(u+ v), and 
the quotient of any two of them, and therefore each of the functions snu, cnu, dn u, 
remains unaltered. l 

It is easily seen that, disregarding constant factors, the four 6-functions are in 
fact one and the same function with different arguments, or they may be written 
Ou, O(u+4ow), O(u+4v), O(u+4w+}v); by what precedes, the functions may be so 
determined that they shall remain unaltered when w is changed into w+2o, that is, 
be singly periodic, but that the change u into w+2uv shall affect them each with the 
same exponential factor exp 6(w+ v). 


12. Taking the last-mentioned property as a definition of the function 0, it 
appears that @u may be expressed as a sum of exponentials 


Qu = AX exp (ume + um), 
where the summation extends to all positive and negative integer values of m, 
including zero. In fact, if we first write herein u+2 instead of u, then in each 
term the index of the exponential is altered by = 2am, =2mr7i, and the term itself 
thus remains unaltered; that is, 0(w+2)=0u. But writing w+2v in place of u, each 
term is changed into the succeeding term, multiplied by the factor exp T ou +v); in fact, 


making the change in question u into u+ 2v, and writing also m—1 in place of m, 
vm?+um becomes v(m-— 1} + (u+ 2v)(m-— 1), =um?+um—u—v, and we thus have 


0 (u + 2v) = exp f- = (u + v)! .@u. In order to the convergency of the series it is 


mium? 


necessary that exp should vanish for indefinitely large values of m, and this will 


be so if a be a complex quantity of the form a+ Bi, a negative; for instance, this will 


be the case if w be real and positive and v be =¢ multiplied by a real and positive 
quantity. The original definition of @ as a double product seems to put more clearly 
in evidence the real nature of this function, but the new definition has the advantage 
that it admits of extension to the @-functions of two or more variables. 
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The elliptic functions snu, cn u, dnu, have thus been expressed each of them as 
the quotient of two @-functions, but the question arises to express conversely a @-function 
by means of the elliptic functions; the form is found to be 


du = C exp (Aw +B | | sn? u du) : 
ov 0 


viz. Ôu is expressible as an exponential, the index of which depends on the double integral 


i | sn? u du. 
0/0 


The object has been to explain the general nature of the elliptic functions snu, cnu, dnu, 
and of the @-functions with which they are thus intimately connected; it would be out 
of place to go into the theories of the multiplication, division, and transformation of 
the elliptic functions, or into the theory of the elliptic integrals, and of the applic- 
ation of the @-functions to the representation of the elliptic integrals of the second 
and third kinds. 


13. The reasoning which shows that for a doubly periodic function the ratio of 
the two periods 2w, 2v is imaginary shows that we cannot have a function of a single 
variable, which shall be triply periodic, or of any higher order of periodicity. For if 
the periods of a triply periodic function ¢(u) were 2w, 2v, 2%, then m, n, p being any 
positive or negative integer values, we should have ¢ (u+ 2mm + 2nv + 2py) = du; w, v, x 
must be incommensurable, for if not, the three periods would really reduce themselves 
to two periods, or to a single period; and being incommensurable, it would be possible 
to determine the integers m, n, p in such manner that the real part and also the 
coefficient of i of the expression mw + nv + py shall be each of them as small as 
we please, say ¢(u+e)= qu, and thence ¢(u+ ke) = du (k an integer), and ke as 
near as we please to any given real or imaginary value whatever. We have thus the 
nugatory result gu =a constant, or at least the function if not a constant is a function 
of an infinitely and perpetually discontinuous kind, a conception of which can hardly 
be formed. But a function of two variables may be triply or quadruply periodic— 
viz. we may have a function ġ (u, v) having for u, v the simultaneous periods 2w, 20’; 
Qu, 2v'; 2%, 2x’; 2p, 2p’; or, what is the same thing, it may be such that, m, n, p, q 
being any integers whatever, we have 


(u+ 2mo + 2nv+ 2y + 2qy, vt 2mo' + 2nv' + 2px + 2’) = ġ (u, v); 
and similarly a function of 2n variables may be 2n-tuply periodic. 


It is, in fact, in this manner that we pass from the elliptic functions and the 
single @-functions to the hyperelliptic or Abelian functions and the multiple 6-functions ; 
the case next succeeding the elliptic functions is when we have X, Y the same rational 
and integral sextic functions of æ, y respectively, and then writing 
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we regard certain symmetrical functions of æ, y, in fact, the ratios of (2t=) 16 such 
symmetrical functions, as functions of (u, v); say we thus have 15 hyperelliptic 
functions f(u, v), analogous to the 3 elliptic functions snu; cnu, dnu, and being 
quadruply periodic. And these are the quotients of 16 double @-functions Ô (u, v), the 
general form being 
0 (u, v) = AXX exp {4 (a, h, b) (m, n} + mu + no}, 

where the summations extend to all positive and negative integer values of (m, n); 
and we thus see the form of the @-function for any number of variables whatever. 
The epithet “hyperelliptic” is used in the case where the differentials are of the form 
-a , where X is a rational and integral function of æ; the epithet 
“ Abelian” extends to the more general case where the differential involves the 
irrational function of æ, determined by any rational and integral equation ¢ (æ, y)=0 
whatever. 


just mentioned 


As regards the literature of the subject, it may be noticed that the various 
memoirs by Riemann, 1851—1866, are republished in the collected edition of his works, 
Leipsic, 1876; and shortly after his death we have the Theorie der Abel’schen Functionen, 
by Clebsch and Gordan, Leipsic, 1866. Preceding this, we have by MM. Briot and 
Bouquet, the Théorie des Fonctions doublement périodiques et en particulier des Fonctions 
Elliptiques, Paris, 1859, the results of which’ are reproduced and developed in their larger 
work, Théorie des Fonctions Elliptiques, 2nd ed., Paris, 1875. 


14. It is proper to mention the gamma (T) or II function, T (n +1) = IMn, =1.2.3...n, 
when n is a positive integer. In the case just referred to, n a positive integer, this 
presents itself almost everywhere in analysis,—for instance, the binomial coefficients, 
and the coefficients of the exponential series are expressible by means of such functions 
of a number n. The definition for any real positive value of n is taken to be 


a 
Tn =f ame dx; 
0 


it is then shown that, n being real and positive, I (n +1)=nIn, and by assuming that 
this equation holds good for positive or negative real values of n, the definition is 
extended to real negative values; the equation gives T1=O0IF0, that is, TO=0, and 
similarly ['(—n)=0, where —n is any negative integer. The definition by the definite 
integral has been or may be extended to imaginary values of n, but the theory is not 
an established one. A definition extending to all values of n is that of Gauss 


a 2) qaey agen ge). 


ee SSE kee Pere a 


the ultimate value of k being =o; but the function is chiefly considered for real values 
of the variable. 


A formula for the calculation, when æ has a large real and positive value, is 


— 1 
-= +} = LE Fi 
Ta =V2r at exp ( a T ), 
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or as this may also be written, neglecting the negative powers of x, 


Ta =V2r exp {(x +4) log # — a}. 


Another formula is TaT (1-— æ)= ~ 7 _: or, as this may also be written, 
sin ma 
7 
arth chico fap badd HS 


It is to be observed that the function II serves to express the product of a set 
of factors in arithmetical progression; we have 


(a+a)(a@+ 2a)... (w+ ma) =a" (= + 1) (= + 2) age (= +m) =a (+m) + TT. 


We can consequently express by means of it the product of any number of the factors 
which present themselves in the factorial expression of sin u. Starting from the form 


ull,” (1 $ =) TI,” (1 E *), 
ST 


ST 


where II is here as before the sign of a product of factors corresponding to the 
different integer values of s, this is thus, converted into 


ull (% +m) 1 (—% + n) +1 (“) n (—*) tm mn, 
T T T T 
or as this may also be written, 


rll (= +m)m(-2+n)+0 (*— 1) (- *) Tm Tn, 


mT 


I (=-1)m(-2)-.7., 


sin u 


which, in virtue of 


becomes 
| u u 
= sin ull (= -+ m) n(- =+ n) + ImIIn. 
F T 


Here m and n are large and positive; calculating the second factor by means of the 
formula for TIæ, in this case we have the before-mentioned formula 


u 


ull,” (1 -+ =) H,” (1 _ =) = (y sin u. 
sT m 

The gamma or II function is the so-called second Eulerian integral; the first Eulerian 
integral 

1 

Í a~ (1— a) da, =IpTg +T (p+ q), 

0 
is at once expressible in terms of T, and is therefore not a new function to be con- 


sidered. 
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15. We have the function defined by its expression as a hypergeometric series 


_ 9, OB. G67), Bp l 
F(a, B, y, w=1+ yd Se aii 


i u + &e., 
SE d 


i.e this expression of the function serves as a definition, if the series be finite or 
if, being infinite, it is convergent. The function may also be defined as a definite 
integral; in other words, if, in the integral 


| a*— (1 — £f (1 — us) Y da, 
0 


we expand the factor (l—w«#)-Y in powers of wa, and then integrate each term 
separately by the formula for the second Eulerian integral, the result is 


Mae hy ae ,E@ +1 +1).TR’ y 
~~ Ta@+P8)° Tae +p'+1)1 
Da he. a ry a. a+l. AR A o , 
= re | TU4+R.1 ie N: A AT: +112. °” 
or writing a’, 8’, y =a, y—a, B respectively, this is 


_ Tal (y — 2) 
mS ii de B, Y u), 


T ution 


which is 


so that the new definition is 


F(a, B, y, w= a 


2) [ a (1 — £f (1 — ux)? dz; 


but this is in like manner only a definition under the proper limitations as to the 
values of a, 8, y, u. It is not here considered how the definition is to be extended 
so as to give a meaning to the function F(a, 8, y, u) for all values, say of the 
parameters a, 8B, y, and of the variable u. There are included a large number of 
special forms which are either algebraic or circular or exponential, for instance 
F(a, B, B, u)=(1— uy", &e.; or which are special transcendents which have been 
separately studied, for instance, Bessel’s functions, the Legendrian functions X, presently 
referred to, series occurring in the development of the reciprocal of the distance 
between two planets, &c. 


16. There is a class of functions depending upon a variable or variables æ, y,... 
and a parameter n, say the function for the parameter n is X, such that the product 
of two functions having the same variables, multiplied it may be by a given function 
of the variables, and integrated between given limits, gives a result =0 or not =0, 


according as the parameters are unequal or equal; | UX,X, dx = 0, but | UX,2dx not 


=0; the admissible values of the parameters being either any integer values, or 
it may be the roots of a determinate algebraical or transcendental equation; and the 
functions X, may be either algebraical or transcendental. For instance, such a function 


T m 
is cosng; m and n being integers, we have Í cos ma. cos næ dæ = 0, but | cos? næ dæ = $r. 
0 : 0 
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Assuming the existence of the expansion of a function fx, in a series of multiple 
cosines, we thus obtain at once the well-known Fourier series, wherein the coefficient 


of cosma is =4r | ” cos mer. fudx. The question whether the process is applicable is. 
0 


elaborately discussed in Riemann’s memoir (1854), Ueber die Darstellbarkeit einer 
Function durch eine trigonometrische Reihe, No. Xt. in the collected works. And again 
we have the Legendrian functions, which present themselves as the coefficients of the 
successive powers of a in the development of (1—2ar+a*)}, X,=1, X,=#, X,=3(a—4), We: 


ae O 
n+l 


1 1 
here m, n being any positive integers, XmAndx=0, but A, de = z 
—] —l 


we have also Laplace’s functions, &c. 


Functions in General. 


17. In what precedes, a review has been given, not by any means an exhaustive 
one, but embracing the most important kinds of known functions; but there are 
questions to be considered in regard to functions in general. 


A function of æ+ iy has been built up by means of analytical operations performed 
upon æ + iy, (v7+iyP=a*—y?+7.2ay, &e., and the question next referred to has not 
arisen. But observe that, knowing æ+ iy, we know æ and y, and therefore any two 
given functions $(a, y), y(x, y) of æ and y: we therefore also know ¢ (s, y)+iẹ (w, y), 
and the question is, whether such a function of æ, y (being known when æ+ iy is 
known) is to be regarded as a function of æ+ iy; and if not, what is the condition 
to be satisfied in order that ¢ (s, y)+iẹ (s, y) may be a function of æ + iy. Cauchy 
at one time considered that the general form was to be regarded as a function of 
æ +y, and he introduced the expression “fonction monogéne,” monogenous function, to 
denote the more restricted form which is the proper function of æ + ñiy. 


Consider for a moment the above general form, say a +iy = ¢ (x, y)+iW(a, y), 
where ġ, W are any real functions of the real variables (æ, y); or what is the same 
thing, assume g'=¢ (s, y), y =WŅ (æ, y); if these functions have each or either of them 
more than one value, we attend only to one value of each of them. We may then 
as before take æ, y to be the coordinates of a point P in a plane II, and wv, y’ to 
be the coordinates of a point P’ in a plane II’. If, for any given values of æ, y, the 
increments of ¢ (s, y), y (s, y) corresponding to the indefinitely small real increments 
h, k of æ, y be Ah+ Bk, Ch+ Dk, A, B, C, D being functions of æ, y, then if the new 
coordinates of P are æ@+h, y+k, the new coordinates of P’ will be g+ Ah + Bk, 
y +Ch+ Dk; or P, P’ will respectively describe the indefinitely small straight paths 
at the inclinations tan™ $ tan ote = to the axes of æ, æ respectively; calling 


: , C+D tan ; apa 
these angles 0, 6’, we have therefore tan 0 "| a Beene Now in order that a’ + ty 


may be =¢(#+iy), a function of æ+ iy, the condition to be satisfied is that the 

increment of s’ +7y' shall be proportional to the increment h+7k of w+1y, or say 

that it shall be =(A+7u)(h+7k), A, p being functions of æ, y, but independent of 
c. XI. | 68 
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h, k; we must therefore have Ah + Bk, Ch + Dk=dh—pk, ph+ rk respectively, that is 
A, B, ©, D=, —p, m A respectively, and the equation for tan 6’ thus becomes 
w+Atan ð, 


` Y= TE cae 
a A — p tan 0’ 


hence writing © = tan a, where a is a function of æ, y, but inde- 


tan a+ tan 0 

1 — tan a tan 0’ 
points (x, y), (æ', y’), the path of P being at any inclination whatever @ to the axis 
of æ, the path of P’ is at the inclination 0 + constant angle a to the axis of a’; 
also (Ah — wk)? + (uh + Ak} = (2 + p) (h? + k), ie, the lengths of the paths are in a 
constant ratio. 


pendent of h, k, we have tan @&’ = that is, #=a+0; or for the given 


The condition may be written 8(a’ + iy’)=(X+%m)(da+idy); or what is the same 
thing 


(= +i WV) b0 æ+ E + iZ) dy = (A + ip) (Su + iðy), 
that is, j 
Erionin, Frit 10 tin); 
consequently 
AE PR riL) 
dy dy \de dx}? 
that is, 


as the analytical conditions in order that a’ +iy’ may be a function of æ+ iy. They 
obviously imply 

da 0 dy dy =0: 
da + dy ° de" dy 


and if 4’ be a function of æ, y, satisfying the first of these conditions, then 
ae da’ 
wee de 
is a complete differential, and 
i dx’ dx’ 
y= |(- G+ ae): 

18. We have, in what just precedes, the ordinary behaviour of a function $(x+7y) 
in the neighbourhood of the value æ+iy of the argument or point #+72y; or say 
the behaviour in regard to a point #+7y such that the function is in the neighbour- 
hood of this point a continuous function of «+iy (or that the point is not a point 
of discontinuity): the correlative definition of continuity will be that the function 
(«+ iy), assumed to have at the given point æ+ iy a single finite value, is continuous 
in the neighbourhood of this point, when the point #+7y describing continuously a 
straight infinitesimal element h+ik, the point ¢(x+iy) describes continuously a straight 


infinitesimal element (X+%u)(h+%k); or what is really the same thing, when the 
function (æ + iy) has at the point «+ iy a differential coefficient. 
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19. It would doubtless be possible to give for the continuity of a function 
p(x«+ty) a less stringent definition not’ implying the existence of a differential 
coefficient; but we have this theory only in regard to the functions ¢# of a real 
variable in memoirs by Riemann, Hankel, du Bois Reymond, Schwarz, Gilbert, Klein, and 
Darboux. The last-mentioned geometer, in his “Mémoire sur les fonctions discontinues,” 
Jour. de l'École Normale, t. 1v. (1875), pp. 57—112, gives (after Bonnet) the following 
definition of a continuous function (observe that we are now dealing with real 
quantities only) :—the function f(e) is continuous for the value «=a, when, h and e 
being positive quantities as small as we please and @ any positive quantity at pleasure 
between 0 and 1, we have, for all the values of 8, f(a +6h)—f(«) less in absolute 
magnitude than e; and moreover f(w) is continuous through the interval æ, æ, (#,> 2%, 
that is, nearer + 0) when f(x) is continuous for every value of æ between a and a, 
and, h tending to zero through positive values, f (æ+ h) and f(a —h) tend to the limits 
J (@), f(a) respectively. It is possible, consistently with this definition, to form con- 
tinuous functions not having in any proper sense a differential coefficient, and having 
other anomalous properties; thus if a, a, a;,... be an infinite series of real positive 
or negative quantities, such that the series Xa, is absolutely convergent (i.e. the sum 


xX +d,, each term being made positive, is convergent), then the function Ya, (sin nora)? 
is a continuous function actually calculable for any assumed value of æ; but it is 


shown in the memoir that, taking æ = any commensurable value A whatever, and then 


writing rsk h h indefinitely small, the increment of the function is of the form 


(k +e) hi, k finite, e an indefinitely small quantity vanishing with h; there is thus no 
term varying with h, nor consequently any differential coefficient. See also Riemann’s 
Memoir, Ueber die Darstellbarkeit, &c. (No. X11. in the collected works), already referred to. 


20. It was necessary to allude to the foregoing theory of (as they may be termed) 
infinitely discontinuous functions; but the ordinary and most important -functions of 
analysis are those which are continuous, except for a finite number (or it may be an 
infinite number) of points of discontinuity. It is to be observed that a point at 
which the function becomes infinite is ipso facto a point of discontinuity; a value of 
the variable for which the function becomes infinite is, as already mentioned, said to 
be an “infinity” (or a “pole”) of the function; thus, in the case of a rational 
function expressed as a fraction in its least terms, if the denominator contains a factor 
(c—a)", a a real or imaginary value, m a positive integer, then @ is said to be an 
infinity of the mth order (and in the particular case m=1, it is said to be a simple 
infinity). The circular functions tang, secs are instances of a function having an 
infinite number of simple infinities. 


A rational function is a one-valued function, and in regard to a rational function 
the infinities are the only points of discontinuity; but a one-valued function may have 
points of discontinuity of a character quite distinct from an infinity: for instance, in the 

. t 1 ; i ; { 
exponential function exp (—) where @ is real or imaginary, the value u(=#+ ty) =a, 
is a point of discontinuity but not an infinity; taking w=a-+pe*, where p is an 


68—2 
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indefinitely small real positive quantity, the value of the function is exp G a) 3 


= exp 5 (cos a— isin a), which is indefinitely large or indefinitely small according as cosa 


is positive or negative, and in the separating case cosa=0, and therefore sina= +1, 
1 


, we consider a 
u—a 


it is Bayt + isin | which is indeterminate. If, instead of exp 
p 


linear function 
|4+Bexp 1 } + fo + D exp A b, 
u—a =a 


then writing as before u=a+ pe”, the value is = A +0, or = B+ D, according as cosa 
is negative or positive. As regards the theory of one-valued functions in general, the 
memoir by Weierstrass, “Zur Theorie der eindeutigen analytischen Functionen,” Berl. 
Abh. 1876, pp. 11—60, may be referred to. 


21. A one-valued function e# vi termini cannot have a point of discontinuity of 
the kind next referred to; if the representative point P, moving in any manner 
whatever, returns to its original position, the corresponding point P’ cannot but return 
to its original position. But consider a many-valued function, say an n-valued function 
a +iy, of «+%y; to each position of P there correspond n positions, in general all 
of them different, of P’. But the point P may be such that (to take the most simple 
case) two of the corresponding points P’ coincide with each other, say such a position 
of P is at V, then (using for greater distinctness a different letter W’ instead of 
V’) corresponding thereto we have two coincident points (W^), and n—2 other points 
W’; V is then a branch-point (Verzweigungspunkt), Taking for P any point which 
is not a branch-point, then in the neighbourhood of this value each of the n functions 
a’ + iy’ is a continuous function of æ+ iy, and by what precedes, if P describing an 
infinitely small closed curve (or oval) return to its original position, then each of the 
corresponding points P’ describing a corresponding indefinitely small oval will return 
to its original position. But imagine the oval described by P to be gradually enlarged, 
so that it comes to pass through a branch-point V; the ovals described by two of 
the corresponding points P’ will gradually approach each other, and will come to unite 
at the point (W’), each oval then sharpening itself out so that the two form together 
a figure of eight. And if we imagine the oval described by P to be still further 
enlarged so as to include within it the point V, then the figure of eight, losing 
the crossing, will be at first an hour-glass form, or twice-indented oval, and ultimately 
in form an ordinary oval, but having the character of a twofold oval; ie. to the 
oval described by P (and which surrounds the branch-point V) there will correspond 
this twofold oval, and n—2 onefold ovals, in such wise that to a given position of 
P on its oval there correspond two points, say P,’, P,, on the twofold oval, and 
n—2 points P,’, ..., Px, each on its own onefold oval. And then as P describing its 
oval returns to its original position, the point P; describing a portion only of the 
twofold oval, will pass to the original position of Py, while the point Py describing 
the remaining portion of the twofold oval will pass to the original position of P,’; 
the other points Pý, ..., Pa, describing each of them its own onefold oval, will 
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return each of them to its original position. And it is easy to understand how, 
when the oval described by P surrounds two or more of the branch-points V, the 
corresponding curves for P’ may be a system of manifold ovals, such that the sum of 
the manifoldness is always =n, and to conceive in a general way the behaviour of 
the corresponding points P and P”. 


Writing for a moment #+iy=u, «+ iy’ =v, the branch-points are the points of 
contact of parallel tangents to the curve œ (u, v)=0, a line through a cusp (but 
not a line through a node), being reckoned as a tangent; that is, if this be a curve 
of the order n and class m, with ò nodes and « cusps, the number of branch-points 
is =m +x, that is, it is =n?—n—28—2«, or if p,=4(n—1)(n—2)—8-—k«, be the 
deficiency, then the number is = 2n — 2 + 2p. 


To illustrate the theory of the n-valued algebraical function s+ iy’ of the complex 
variable æ+ iy, Riemann introduces the notion of a surface composed of n coincident 
planes or sheets, such that the transition from one sheet to another is made at the 
branch-points, and that the n sheets form together a multiply-connected surface, which 
can be by cross-cuts (Querschnitte) converted into a simply-connected surface; the 
n-valued function a +7y’ becomes thus a one-valued function of æ+ iy, considered as 
belonging to a point on some determinate sheet of the surface: and upon such con- 
siderations he founds the whole theory of the functions which arise from the integration 
of the differential expressions depending on the n-valued algebraical function (that is, 
any irrational algebraical function whatever) of the independent variable, establishing 
as part of the investigation the theory of the multiple 6-functions. But it would be 
difficult to give a further account of these investigations. 


The Calculus of Functions. 


22. The so-called Calculus of Functions, as considered chiefly by Herschel and 
Babbage and De Morgan, is not so much a theory of functions as a theory of the 
solution of functional equations; or, as perhaps should rather be said, the solution of 
functional equations by means of known functions, or symbols,—the epithet known 
being here used in reference to the actual state of analysis. Thus for a functional 
equation ox + py = (ay), taking the logarithm as a known function, the solution is 
¢x=clog«; or if the logarithm is not taken to be a known function, then a solution 


may be obtained by means of the sign of integration s= c | a ; but the establish- 


ment of the properties of the function logarithm (assumed to be previously unknown) 
would not be considered as coming within the theory. A clàss of equations specially 
considered is where az, Bs, ... being given functions of w, the unknown function ¢ is 
to be determined by means of a given relation between æ, pæ, pax, PBx,...; in part- 
icular the given relation may be between s, æ, paw; this can be at once reduced 
to equations of finite differences; for writing æ= Un, a8 = Un}, We have Uny = aun, 
giving Un, and therefore also 2, each of them as a function of n; and then writing - 
gx=v,, pax will be the same function of n+l, =n, and the given relation is 
again an equation of finite differences in Uni, Yn, and n; we have thus v, = gz, 
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as a function of n, that is, of æ. As regards the equation nı = aun, considered in 
itself apart from what precedes, observe that this is satisfied by writing un = a” (æ), 
or the question of solving this equation of finite differences is, in fact, identical with 
that of finding the nth function a” (æ), where a(æ) is a given function of æ. It of 
course depends on the form of a(#) whether this question admits of solution in any 
proper sense; thus, for a function such as loga, the nth logarithm is expressible in 
its original function log”#, (=log log... æ), and not in any other form. But there 


; a + be i ; ; 
are forms, for instance wun =O, where the nth function az is a function of the 
j A+Ba . , : 
like form Oe ATi in which the actual value can be expressed as a function 


of n; if a be such a form, then gap, whatever ¢ may be, is a like form, for we 
obviously have (papt) = ga"p. The determination of the nth function is, in fact, a 
leading question in the calculus of functions. 


It is to be observed that considering the case of two variables, if for instance 
a(x, y) denote a given function of æ, y, the notation a(x, y) is altogether meaningless ; 
in order to generalize the question, we require an extended notation wherein a single 
functional symbol is used to denote two functions of the two variables. Thus 
p(s, y)=a(a, y), B(a, y) a and 8 given functions; writing for shortness 2,=a (æ, y), 
y= (x, y), then $ (æ, y) will denote $(a,, yı), that is, two functions a(a,, Y) B(@y Yr); 
say these are a, ya; $*(#, y) will denote (a, y2), and so on, so that $”(a#, y) will 
have a determinate meaning. And the like is obviously the case in regard to any 
number of variables, the single functional symbol denoting in each case a set of 
functions equal in number to the variables. 
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